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Abstract 

We present the irregular matrix model which has W 3 and Virasoro symmetry. 
The irregular matrix model is obtained using the colliding limit of the Toda field 
theories and produces the inner product between irregular modules of W 3 symmetry. 
We evaluate the partition function using the flow equation which is the realization 
of the Virasoro and W-symmetry. 


1 Introduction 

The irregular matrix model [1] is obtained by the colliding limit of the /3"deformed 
Penner-type matrix model [2, 3] which is equivalent to the regular conformal block of 
primary fields. The colliding limit [4] is the fusion of primary fields at one point with 
their Virasoro momenta infinite and results in a non-trivial limit. Especially, there ap¬ 
pears irregular module of rank n which is defined as the eigenvector of positive Virasoro 
generators Ln,Ln+i,--- ,L 2 n- The irregular module of rank 1 can be constructed as 
the combination of primary and descendant states [5]. However, for the rank greater 
than 1 the irregular module is not simple to construct because one needs to take ac¬ 
count of the consistency condition [ 6 ] for the non-negative Virasoro Generators such 
as Lq, Li, - ■ ■ , Ln-i- The consistency condition is not easy to manipulate algebraically. 
One may detour this difficulty if one uses the irregular matrix model and its confor¬ 
mal symmetry. In our previous papers, we investigate the case with Virasoro symmetry 
[1, 6 , 7, 8 ]. We may extend this idea to W symmetry by considering multi-matrix model. 
W symmetry was previously used to construct multi-matrix model of polynomial type 
in [9]. In this paper, we are going to construct the irregular matrix model with W sym¬ 
metry using colliding limit of the Toda field theory and present how to find the partition 
function using the W symmetry. 

Toda field theory is the generalization of the Liouville field theory and contains not 
only Virasoro symmetry but also higher spin symmetries which is summarized in terms 
of W-symmetry. Two dimensional Toda field theory associated with simple Lie algebra 
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with rank k is defined by the Lagrangian 

k 

i = ('■!) 

i=l 

where ei, • • • , are the simple roots of the Lie algebra. The bosonic vector field (p 
has k independent components. The Toda field theory is conformal provided there is 
a background charge Q = (b + l/b)p with p is the Weyl vector, half of the sum of all 
positive roots. In this case, the conformal dimension of the exponential terms is 1 and 
the central charge of the system is c = /c + 12 Q^. 

The Toda field theory has k holomorphic symmetry currents W 2 , W 3 ■ ■ ■ W^+i where 
W 2 is identified as the Virasoro current. In this paper we are concentrated on the 
colliding limit of the A2 Toda field theory and construct the A2 irregular matrix model 
and find the partition function using the Virasoro and IT 3 symmetry. The generalization 
is straight-forward. 

The paper is organized as follows. Section 2 is devoted to the irregular matrix 
model. Starting with yl 2 -Toda field theory, we obtain the irregular matrix model using 
the colliding limit. In section 3, we investigate the W symmetry in detail. The explicit 
representation of the W symmetry is given as the differential operator of the potential 
variables. In section 4, we present how to evaluate the partition function of the irregular 
matrix model only using the symmetries. Section 5 is the summary and discussion. 

2 A 2 Irregular matrix model 

A2 irregular matrix model is given by two matrix model and is obtained from the colliding 
limit of the Penner-type two matrix model. For concreteness and comparison, we will use 
the representation as appeared in [10]. A2 has two simple roots which will be represented 
as ei = (1, —1,0) and 62 = (0,1, —1). The simple roots have the squared length 2. The 
Toda field (p is conveniently put as p = —-^( 1 , 1 , —2) — ^(1, —1,0) whose components 
are orthogonal to each other. In this convention, the bosonic component satisfies the 
free field correlation pi(z, w) ~ —Sij log \ z — w\‘^. 

The vertex primary field Va{za) = has the conformal dimension = 

<3a(Q — 5 «a)- We consider the (n -|- 2)-primary field correlation and put the conformal 
block (holomorphic part of the correlation) in terms of the Selberg integral representa¬ 
tion using the screening operator (exponential terms in the Toda Lagrangian). One 
may put the fields, say, one at the infinity Zn+i —)■ 00 , one at the origin zq = 0 , 
and the rest at Za {a = I,-- - ,n). In this case, the conformal block has the form 
(no<fc<£<n(^a “ -2?))”““ X Zp if One normalizes the result so that the infinite factor 
Zn+i scales away. The front multiplicative factor is from the free correlation between 
the primary fields and the rest Zp is due to the correlation between the screenings and 
also with the primaries; 

„ Ni N2 

Zp= / dyj A(x)^^A(y)^^A(x, Vife)] 1-2^^ 

i=i j=i 
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where A(x) = — Xj) and A{x,y) = Hi “ Vj) Vandermonde deter¬ 

minant which come from the correlation between screening terms. We put /3 = —b^ to 
make the partition function similar to the /3-deformed matrix model. Ni and N 2 are 
number of screening terms with the root vector ei and 62 respectively. The number 
satisfies the neutrality condition [ 11 ] 

n 2 

-|- Soo + b VfcCfc = Q . (2-2) 

i=0 k=l 

The potential Vi and V 2 appear from the correlation between the screening and 
primary vertex operators. If one parametrizes ota = '^(1) 1) “2) -|- /3a(l, —1,0), one has 
the Penner-type potential 

1 ” 1 ” 1 

-V^(x) =-'^j3alog{x - Za), -V 2 {y) =-{VSaa - l3a)log{y - Za) ■ (2.3) 

a =0 a =0 

The irregular matrix model is obtained if one uses the colliding limit similar to 
the Liouville case [1, 4]: eta,/3a —^ co and Za —)• 0 so that bk = 

Yla=o l^a^a with /c = 0 ,1, • • • , u are finite. In this case, one has the A 2 irregular matrix 
model Zn with rank n whose potential is given in terms of logarithmic and finite number 
of inverse powers 

ivi(z) =- 6 olog^ + f^^, \y 2 {z) = -h^ogz + ^^. (2.4) 

k=l k=l 

where we use the short-hand notation C£ = [VSci — b£)j2. In the following, we equally 
put the irregular matrix model using the new parameter h = —2ig so that 


Ni N2 


Zn = 


nn dxidyjA{xf^A{yfl^A{x, y)~ 


-/3^-^[EWi(^d+E,V2(%)] 


(2.5) 


i=lj=l 


3 W-symmetries of the irregular matrix 


3.1 Loop equations 

The irregular matrix model (2.5) has two loop-equations. One equation is given as the 
quadratic equation of the resolvent with its multipoint defined as 


;zs) = /3 



iN, 




y —^— 





1 

^is-,Ks 


^ connected 

(3.1) 
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Denoting Ai;i = Xi, Xj -2 = Uj, one has 

Ri{zf + R2{zf - Ri{z)R2{z) - V[{z)Ri{z) - Vi{z)R2{z) 

+ ^ (-^1(2:) + ^2(2)) - ^ {Rl-l{z,z) - Ri-2{z,z) +R2-2{z,z)) = 

(3.2) 


where the quantum correction /i ,/2 are defined as fi{z) 




/ -v?(.)+vV(ii) \ 

\ Z-Xi / 


and f 2 iz) := ^ ^ Here (• • •) denotes the expectation value within 

the matrix integral. This loop equation is obtained if one performs the conformal trans¬ 
formation of the integration variables Xi ^ Xi + e / {xi — z) and yj —)■ yj -|- s/{yj — z). 
The other loop equation is given as a cubic equation [12, 13, 14]: 


0 = -RIR 2 + RiRl - VliRj + ViRi - j) + + V^R2 - j) + 


4 

8 

h^Q 

16 


f'i-f '2 


3{V^R'2 - VlR[) + RiR ’2 - R[R2 + 2{R2R2 - RiR'i) + V^'R2 - Vi'Ri + 

(i?^' - R’l) + — [VlRi-i - ViR2,2 + Rl-,lR2 - R2-,2 Ri - 2Ri,2{R2 - i?i)] (3.3) 


' / / ( d _ 5 

- ^2;2 + ( -^Rl-,2{Z-, z) - -^Rl-2{z, z) 


+ Tx(-Ri;2;2 - -Ri;1;2) , 

16 


*0 \{z-yj){yj-xi) 
_l_ _ 

+ Z^i=i fc- 


^ 1=1 (xi-z)(xi-yj) 


This 

and 


where gi{z) := V/5 and g 2 {z) ;= 4^2/? 

is obtained after varying the integration variables Xi 
yj yj + (y.-z){xi-yj) ■ 

In this paper, we shall focus on the lowest order of h (also putting (5 = 0). Then, 
the two equations can be put in a more compact form if we define new notations as 
R = Ri- R 2 / 2 , R = V 3 R 2 / 2 , d4>2 = V( and 9(/)i = -^{2V^ + V(). 


{2R - d4>2f + {2R - d4>if = -ti^^2 (3.4) 

{2R - d(j)if - 3{2R - d(l)i){2R - d(t)2f = (3.5) 


where ^2 and .^3 are given explicitly as 

= id(j)2f + (dcpif + fi +f2 (3.6) 

= -{d(j)if + 3(9(/>2)^9(/>i + 3(9(/>i - V3d(j)2){fi + /2) + 3V3d(j)2fi 

- ^i3d<j)i - V3d4)2)f2 - 3V3{gi - 32 ) • 

^2 and ^3 look very complicated but turn out to be the representation of IT 2 , H 3 currents 
respectively. This is investigated in the following two subsections. 
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3.2 Virasoro current 


One may use the explicit form of the potential (2.4) to put 
d(j )2 = -hY,l=oh/z^^^ and 


fi{z) + f2{z) 


n—1 


E 


1 Vk{h^Zn) 


-^Y2=0 Ck/Z 


k+1 


(3.8) 


where we use the translation invariance to put + Ylj ^ 2 (yi)/ = 0 - la addi¬ 

tion, the Virasoro differential operator is generalized from the one-matrix model, which 
has the form Vk = vf where uf = Ylo<r<nS (br^ ase the separate 

notation uf for later convenience since Vk will be modified later for the mode A: < 0. 
Therefore, ^2 in (3-6) has the form 


2n 

& = E 


k=n 


Ak 

^k+2 


1 (Ak + Vk)^n 
+ ^ ^k+2 
k=\} 


(3.9) 


where Ak is a constant 


k 

Ak = — '^{bibk-e + ceck-e) ■ 

i=0 


(3.10) 


We use the convention that bg = 0 = C£ when i does not belong to the element set 
{0,1, • • • ,n}. The explicit form ^2 is identified with the expectation value of Virasoro 


current 


{^\T{z)\In) 

(A|4) 


nz) = E 

fcez 


Lk 

^k+2 ’ 


(3.11) 


if one recalls that the irregular module \In) of rank n has the eigenvalue Ak of Lk when 
n < k < 2n and 0 when k > 2n. In addition, this identification is consistent with the 
Virasoro generator representation for the parameter set {{bk,Ck)\ 0 < k < n} as the 
differential operator Ck = Ak + Vk which is the right action of the irregular module: 
Lk\In) ■— 

{ 0 , 2n < k 

Ak, n <k <2n (3-12) 

Ak + Vk, 0<A:<n-l. 


3.3 W 3 current 

Let us rewrite ^3 using the parameters of the potential. First note that 

n—k 


^-2 ^2 l 2 

gi{z) - g 2 {z) = -^ E 


Ew^E 


k=-2 


Z' 


fc-l-3 




- Vj tz. 


br+k ^r+k 


r=2 


X- 


y. 


(3.13) 


J 
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To put the expectation values as the derivatives of the partition function, we use two 
identities: one is 



4 ^'/? E (E 


m=l 


r+l-m 

j,e yj y^ 



(3.14) 


which is obtained if one changes of integration variable yj yj + ejy'^j in the partition 
function Zn- The other is the same as (3.14) with the exchange of Xi -H- yj and V 2 —)■ Vi 
due to the obvious symmetry; one may obtain the identity using the integration variable 
change x* ^ x* + e/x[. 

Using the above two identities (3.14) and its companion, one finds 


gi{z) -g 2 {z) 



p=0 



^r+k 




p=0 \ j 



(3.15) 


Note that in the last term there appear the expectation values of the inverse power of yj 
up to ( 2 n + 2 ) and the term higher than n is not directly obtained from the derivative of 
the rank n partition function. To avoid this difficulty, one may use an extended partition 
function which is partition function with higher rank, i.e., the partition function with 
the potential with the parameter Cfc, bk with /c up to 2n + 2. In this one has the explicit 
form of ^3 


_ Mk 1 (Tffc + yk)^n 

~ ^ ^k+3 ^ ^fc+3 2^ 

k=2n k=n ^ 


1 {Mk+yk)Z2n-k 1 gk{2^2n-k) 

^ Z2r,._k z'^+^ Z2n-k 


k=0 

where is a constant 


k=-2 


(3.16) 


{^k>niCk>n}^^ 


^ ^ (36r bg Ct Cr Cg Ct) . 

r-\-s-\-t=k 


(3.17) 


The terms with inverse powers of 1/z^ is carefully rewritten for —2 < k < n — 1 
by introducing the extended partition functions, Zn+i,--- ,Z 2 n+ 2 - Furthermore, the 
differential operator has the different form for the extended case: 


{ n < k <2n — 1 

I , -2<k<n-l 


(3.18) 
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where 


d ~ 


0<r,s<n \ r t 

r+s—t=k 


E - 

0<r<n 
r—s—t=k 


55 ^ d d „55 

4 V ^ dbg dct ~*~ dbg dbt dcg dct 


(3.19) 


We identify ^3 with the expectation value of the W 3 current between a regular module 
I A) and an irregular module \In) as 


S3 / A I r \ ’ W{z) 2_^ ^k+3 ■ 

fcez 


(A|4 


(3.20) 


Note that the irregular module has the eigenvalue of when 2n < k < 3n. Higher 
mode Wk with k > 3n annihilates the irregular module. In this identihcation one has 
the representation of the W 3 current Wk\In) ■= where 


Wfc = < 


r 0 , 

Mk , 

4“ h'A: ) 


3n < k 
2n < k <3n 
n < k < 2n — 1 


(3.21) 


[ Mk + , 0 < k < n - 1. 


Considering a negative mode acts on the regular module and vanishes i.e., (A|a;fc|/„) = 0 
for k < 0, one expects the mode with k = —1, —2 in (3.16) to vanish. This is confirmed 
in the next subsection. 


3.4 Consistency check of the representation 

One can check the representation (3.12) and (3.21) is compatible with the commutation 
relation of the Virasoro and W 3 modes[15]: 


[Lp, Lq] — [p g)Lp_|_q + 12^^ P)^p,-q ■ 


[Lp,Wq] = {2p-q)Wp+q, 


- 9 WqJ =J7^(p'- + 


16 


22 +5c 


(p - q)Ap+q 


where 


+ (p-q) (^^(p + ^ + 2)(P + ^ + 3) - ^(p + 2)(g + 2)^ Lp+g 

00 ^ 

Ap = ^ ^ ; LkLp_k '■ ~\~—XpLp , 


k=—oo 


X2, = {l + m-l) X2t+l = {2+l){l-l) 


(3.22) 

(3.23) 

(3.24) 


one rescales Wp as i-^Wp, then the algebra reduces to the original Fateev and Zamolodchikov 
convention [15]. 
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and the central charge c = 2 + 12Q^. 

Note that the irregular module \In) with rank n is defined as a simultaneous eigen¬ 
state of Lfc’s and M 4 ’s: 


Lk\In) = Ak\In ), n<k<2n (3.25) 

Wk\In) = Mk\In) , 2n< k <3n (3.26) 


where Ak and Mk are eigenvalues. In addition, one requires that the action of Lk^ 2 n 
and khfc> 3 n vanish. 

The eigenvalues are not enough to define the irregular module. One needs Lkcn and 
Wk< 2 n- The Virasoro generator has the representation for 0 < A: < n in (3.12) and 
W 3 generator ojk for —2 < k < 2n in (3.21). However, this representation is not enough 
to check the commutation relation (3.24). This is because Ap contains the negative 
mode Lkco of Virasoro generators and hence, the non-negative modes are not closed 
by themselves in the commutation relation. On the other hand, one cannot obtain the 
information of the negative modes from the equation (3.20) because the negative mode 
contribution vanishes in the expectation value. Therefore we need another way to find 
the negative mode representation. 

To find the negative modes we consider the identity (3.14) and its companion for the 
extended partition function Zn-k for A < — 1 : 


[vk + vf) Zn-k = 0 , vf = 



(3.27) 


The invariant property of the partition function shows that one has Lk with Vk = Vk+v^^ 
for k < —1 with the extended set of parameters {bk>n,Ck>o} when necessary. 

Likewise for W 3 , one has the desired identity if one considers the transformation 
Xi^Xi + Ef and yj ^ to get 


(^f + aT) Z 2 n-k = 0 for A: = -1, -2 
{yl + k€ + k€') Z 2 n-k = 0 for A < -3 , 


where 




E 

— (r+s+t)=fc 


r st 


d d d 


d d d 


8 V dbr dbg dbt dcr dcg dct 


(3.28) 

(3.29) 

(3.30) 


Eq (3.28) shows that one has yk{Z 2 n-k) = 0 for A = -1,-2, or {A\ujk\In) = 0 as 
asserted in sec 3.3. The invariant property of the partition function (3.29) allows to put 
k' = Ak + f^f + for k < -3. 

In fact, the negative mode representation is easily understood if one notes that 
this representation is found from the coherent state representation of Heisenberg al¬ 
gebra whose positive mode has the eigenvalues bk or Ck when A > 0. In the 
coherent state representation, the negative mode is given as the differential operator 
b-k = ~{k/2,)d/{dbk) when A > 0. This is the reason why one and two-derivative terms 
appear in the negative Virasoro mode representation while one, two and three-derivative 
terms appear in the negative W mode representation as appeared in [9]. 



4 Irregular partition function 

4.1 Differential equations 

The loop equations (3.4) and (3.5) give a series of differential equations for the partition 
function Zn- Large z expansion gives 2n-differential equations: 

-UfclogZ„ = dfc, 0<A:<n-l (4.1) 

-[Ik logZ„ = Cfc , n<k <2n-l (4.2) 

where and [i^ are differential operators defined in (3.12), (3.21). One may also find 
differential equations corresponding to [ik for k < n. However, this equation contains the 
extended set of parameters {6fe>n,Cfc>n} and is redundant since we have 2n-equations 
(4.1), (4.2) which will completely fix the partition function, dk and in (4.1) and (4.2) 
are given as 

dk = Ak+ Y. {dUl + d^rdi) , ek = Mk+ Y {d^ d^ d^ - ^dl d\ d^) (4.3) 

r-\-s=k r+t+s=k 



Here we use the convention of the coefficients bk = Ck = 0 when k > n. Note that 
dk and in (4.3) are unknown except do since they are given in terms of expectation 
values. One has to find these expectation values as the function of the coefficients of the 
potential explicitly. This can be done by finding the filling fraction with the resolvents 
Ri{z) and R 2 {z) across a given branch cut. This idea is used to evaluate the partition 
function in section 4.3. 

4.2 Loop equations and spectral curve 

The resolvents Ri and R 2 have the asymmetric role in the loop equation. This is because 
we put the loop equation asymmetrically. One may put the loop equation in a symmetric 
way. Suppose we introduce 


Ul{z) 

:= Ri{z) +ti{z ), 

ti{z) = 

2Vi{z) + Vi{z) 

(4.4) 

3 ’ 

U2{z) 

:= -R2{z) +t2{z) , 

t2{z) = 

Vi{z) + 2Vi{z) 

3 

(4.5) 


and uo{z) := —ui{z) — U2{z). Then, using the two loop equations (3.4) and (3.5) one 
finds a spectral curve in a cubic form [12, 13, 14, 16] 

]J(u - Ui{z)) = u^ + ^ u - = 0 • (4-6) 

This shows that U 2 is the solution of the cubic equation which is exactly the same form 
as the loop equation given in (3.4) and (3.5). The spectral curve also demonstrates that 
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I'VW^ 



Figure 1: Covering space and its cut structure 


ui and uq are two other solutions. Therefore, ui and uq should respect the same loop 
equation (3.4) and (3.5). 

To understand the three branches uo,ui,U 2 , we first the case with no quantum 
correction, he., /i = /2 = = 52 = 0. In this case ^2 and ^3 are given in terms of 

the potentials only and the three roots ui, U 2 , uq are reduced to ti, t 2 and to{z) := 
—ti{z) — t 2 {z) defined in (4.4), (4.5). The classical spectral curve has common points. 
For example, when ^0(2:) = ti{z) one finds V{{z) = 0. The stationary point of the 
potential Vi corresponds to the double points, the intersect of the branches to and 
ti- Likewise, to{z) = ^2(2) corresponds to the case V^iz) = 0, and ti{z) = ^2(2) to 
V((z) + ^2^(2:) = 0. This shows that the three classical branches are connected to each 
other at the stationary points of the potentials. 

If the spectral curve is deformed by /i, /2, gi and 52, then the double point splits 

and forms a branch cut. As a result, 3n-number of branch cuts appear on the complex 

(i) 

plane 2: when all the double points are distinct. Let us denote the branch cuts as 
connecting two branches Ua and Ub with i = 1, • • • , n (see Fig.l). 

One may count the number of eigenvalues of the potential (number of integration 
variables) by taking the contour integral of the resolvent around the cut. Let us denote 
the contour around the cut as assuming the branch index /cmod3. One 

may find the filling fractions (number of eigenvalues) using u^, 


hb (j) 

2 '^k[k+i] ■- 


1 

27ri 



Uk{z)dz 


(4.7) 
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4.3 Evaluation of partition function 

We evaluate the partition function of the rank 1 explicitly in this subsection. The rank 
1 partition function has two differential equations 

-uo log = do , -/UilogZi = ei (4.11) 

where vq = h^ + ci^, i^i = -36ici^ - §(&? -cf)^ and do, ei are defined in (4.3). 
Since do is a constant 

do = {bNif - bNi bN2 + {bN2f + 2bo bNi - bo bN2 + VSco bN2 (4.12) 

one has the solution of the first equation in (4.11) of the form, 

logZi =-dologci + i4(t) (4.13) 

where t := b\/c\ and i4(t) is a homogeneous solution to uq. 

Plugging this into the second one in (4.11), one obtains 

= + (4.14) 

at 3 Cl 

where ci is given in terms of the expectation values and {J2jyj)^ 

Cl =36oCi - 3coCi + 6boCobi + ^ {2co + V^N‘^ (2ci + V3{ ^ 

j 

- ^ (26o + 2 iVi - iVs) 2(261 + 2 ( -( ( 2 co + V 3 iV 2 ) ( 4 . 15 ) 

^ * j 

+ (260 + 2 Ni — N2) (2C1 + \/ 3 ( dj)) • 

j 


n 



To solve the equation (4.14), we need the explicit from of ei/ci as the function of t. 
This can be done using the constraint of the filling fraction. 

For the rank 1, we have three cuts 4[oi], -^[ 12 ] and /[ 20 ] whose classical double points 

are —and , respectively. However, one hlling fraction is enough, 

say 

1 f 

^ Ja ^ Y’^1[0] • (4-16) 

The branch ui in (4.6) is given as 




(V3 + i3) + (V3 - i3) (P 3 + v'Pi - P|) 


2/3 


12 


^3 + 


1/3 


where V 2 and V 3 are polynomials given by 

V 2 iz) = {bl + Cq + do)z^ + 2 ( 6 ofei + coci)z + 6 ? + c? , 
P 3 (z) =(co - 36oCo + 60 ) 2 ;^ + (ScqCi - Sblci - 660 C 061 + 61 ) 2 ;^ 
- 3(co6i + 2 bobici - cocf)z + cf - 3 bfci. 


(4.17) 


Here eg is a constant, eg = ShgCg — Cq — 3(A^i — ^ + bg)‘^{^N 2 + cq) + (^A ^2 + cq)^. 
Six roots of ("PI — P|) implies three branch cuts on z-plane. (Note that a cubic branch 
cut whose branch points are roots of ^Ps + Yp| — P|^ is not reduced to the classical 
point and no eigenvalues lie on it. Thus we don’t need to take account of this cut.) 

To find the filling fraction perturbatively, we assume that \t\ <C 1. In this case, the 
cut /[oi] is widely separated from the others; Rescaling the integration variable in the 
contour integral (4.16) with 61 , the cut Ijoi] has a finite width whereas other cuts shrink 
to a point as t —)■ 0. Thus, one can expand the ^ 1 ( 2 ;) in (4.17) safely in powers of t to 
get (P| — P|) = bicf [Qo + tQi + . However, the explicit form of Qi depends on 

the relative scales of ei. Small t-expansion assumes that | 6 i| < |ci|. In addition, since 
ei is a quantum deformation, |ci| < |ei| is not allowed. Therefore, we have two different 
relative scales: (I) |ei| < | 6 i| <C |ci| and (H) | 6 i| <C |ei| < |ci|. 

Let us hrst consider the case (I). In this case ei := ei /61 is small. Assuming ei = 
0{t^) at most, one has 


Qo{z) — 3 ((36q + dg)z‘^ + 6bgz + 3) 

Qi{z) = z ((366oCo + l2cgdo - 2eo)z'^ + (726oCo - 2ei)z + 36co) . 
The filling fraction u-ijo] is given in power of t. 


6ni[o] 


1 j <^oz + y^Qg{z)/3 ^ei + egz - dg^/Q^(z)j3 ^ ^^^^2 


—bg + 



(dp + 3bl)ei - 3boeg 
3V3{dg + 36q)3/2 


+ 0 {t^). 


(4.18) 


(4.19) 
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Noting ei = 0{t^), one has to require the filling fraction 6ni[o] = —bo + y^g + do/S + 
t6Ani[o] so that Ani[o] = 0{t^). Since we regard ni[o] as the controlling parameter, we 
force Ani[o] = 0 so that 

^^i[o] = ~bo + \Jbo + do/2>. (4.20) 

In this case, one has 


ei = 


2>boeo ^3 ((io('^o + ^codoco ~ &o) + ^o(3do + Scodoco + 2eQ)) ^ 


36o + do 4(36g + do)^ 

and finds the partition function from (4.14) 

-ido 


Zi =Nb^ 


do _2^„ ^S)£(Lt+C'p2) 


g962+3do 


(4.21) 


(4.22) 


where Af is the normalization independent of t. 

For the case (II), one finds a quite different structure from that of (I). Note that 
|6i| < |ei|. This parameter domain allows to put bi = 0. In addition, bi should be zero 
when the quantum correction ei is zero. In this case, the double point of the classical 
branches of to and ti does not exist on the finite domain of the complex plane since it 
is now given by the stationary point of Vi, satisfying V({z) = ^ = 0. Considering this, 
one may force n^jo] = 0 which is true at the classical level. With bi which can be 0, we 
had better introduce a new parameter ei ;= ei/ci instead of ei. Assuming ei = 0{t^) 
at most, one has 

Qo{z) = (96o + 3do - 2ei)z‘^ + I8602: + 9 

Qi(z) = z ((366oCo + 12codo - 2eo - 60061)2:^ + 72bocoz + 36co) (4.23) 


and the filling fraction has the form 


briito] = — 9 dz 
A4[oii 


V^coz + \/Qo(z) ^ 9(coei - eo}z + \/3(3do + Qpjz) ^^^2^ 


62:^ 


= vM ^3do-2ei 


54 V® 

feo(eo-coei) +0(^2^ 


{9bl + 3do - 2ei)3/2 


(4.24) 


Putting ni[o] = 0, one finds 

, +2eo-3codo 

'“ = 2 * + *- 2k, -+ * 

and the partition function from (4.14), 




2eo-3codo ^^0(^2) 
g 96o ^ ^ 


(4.25) 


(4.26) 


with M a normalization independent of t. In this evaluation, we assume that 61 > 0 and 
the vanishing filling fraction is obtained when bp > 0. The same is true if one assume 
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6 i < 0 with bo < 0. The vanishing filling fraction condition holds as far as 60^1 > 0) 
which is the case Vi having no stationary point in our complex domain. (Note that due 
to the logarithmic potential, we exclude the negative real axis in our complex domain). 

Suppose we put 61 = 0 from the beginning and require the filling fraction ni[o] to van¬ 
ish. In this case, one finds that the partition function is simply reduced to Zi = 
since f = 0. In addition, the two differential operators vq and /j-i are not indepen¬ 
dent but has the relation = |cino. The case with 61 = 0 is identified in [10] with 
the semi-degenerate where the regular module has the null vector at the first level 
[15, 17, 18]. In our approach, if the semi-degenerate module is put at infinity, we have 
the semi-degenerate (A| in (3.20) whose conformal dimension is A = aoo(Q — ^aoo) with 
cfoo = >^ 1^2 where W 2 is the fundamental weight satisfies Wi ■ e)- = 5ij. In this case, we 
have iVi = 0 as the semi-degenerate result. 

5 Summary and discussion 

We generalize the (Virasoro) irregular matrix model so that the model contains the 
Virasoro and W 3 symmetry. This model is constructed using the colliding limit of 
A 2 Toda field theory. The symmetry of the irregular models is analyzed through the 
loop equations which have the quadratic and cubic form. The spectral curve obtained 
corresponds to the Seiberg-Witten curve of the SU{3) super-conformal linear quiver 
theory. 

It should be emphasized the spectral curve (4.6) is enough to hnd the partition 
function of the irregular matrix model without evaluation of the functional integral or 
Selberg integral. Using the differential representation of the Virasoro and W 3 symmetry 
generators we derive the differential equations for the partition function from the loop 
equations. The differential equations allow us to find the partition function of the 
irregular model. We present the explicit form of the representation and find the partition 
function to the lowest order of h (corresponding to the large N limit) for the non-trivial 
case (irregular module with rank 1). It is not difficult to find the partition function with 
rank greater than 1 if one uses the parameter scale as <C 77 ^ , <C 7 ^ 

^k — 1 ^k ^k — 1 

and ^ <C as was used in Liouville case [1, 6 ]. 

Once the partition function is known, one may construct the irregular conformal 
block(ICB), noting that the partition function with appropriate potential is related 
with an inner product between an irregular module and regular/irregular modules. The 
simplest ICB, the inner product {Im\In) is given in terms of irregular matrix model. 
One may consider the irregular partition function where irregular module of rank 
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n lies at the origin and one with rank m at infinity: 


Ni N2 


^{m:n) 


nn dxidyjA{xf^A{y)'^>^A{x, y) 


6 ^ 


i=lj=l 


ViiA h ^b-iz‘ ^ it ^i.,z‘ 

^ = -'’»1o6^ + Ei3 + E^. -F^ = -‘^«‘°ez + EA + E 


k=l l=l 


k=i e=i 


There are a few subtle issues when one identifies this partition function with the inner 
product {Im\In)- One is the extra contribution due to the colliding limit; nafe(^ “ 

ZblZa)~°'‘^'°‘'’ with C(m;n) = 2{bkb-k + CkC-k)/k as Zb -B- 0, Za ^ oo. 

This non-trivial contribution was considered in [7] for Ai case. The other is about the 
normalization for the case with rank greater 1. One has to take account the normaliza¬ 
tion properly because of the consistency condition for the Virasoro and W symmetry 
[6]. This consideration leads to the irregular conformal block 




pS(m:n) ' 7 . , 


(5.2) 


One may find the complete representation of the symmetry generators which has non¬ 
leading order of h with Q 7^ 0 without difficulty considering the full equations given in 
(3.2), (3.3). In addition, the irregular matrix model is easy to generalize into Ak model 
since it is composed of /c-matrix potential along with the Vandermonde determinant 
whose power is given in terms of Dynkin index. There will appear more than cubic 
power in the loop equations. To control these complicated equations, one may resort to 
DDAHA as demonstrated in [19]. This will be presented elsewhere in the future. 

Finally, the irregular matrix model is motivated by Argyres-Douglas theory [20, 
21] in connection with AGT conjecture [22], which develops irregular punctures to the 
holomorphic one form of the Hitchin system [23, 24, 25]. So far, the Virasoro case 
has been intensively investigated using the irregular matrix model. Extension to W 
symmetry will provide a useful tool to study Argyres-Douglas theory corresponding to 
SU{N) gauge theory. 
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